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Abstract This contribution presents a newly devel-
oped phenomenological model to describe the curing

process of thermosets undergoing small strain deforma-

tions. The governing equations are derived from a num-

ber of physical and chemical assumptions and details of
the numerical implementation within the finite element

method are given.

The curing of thermosets is a very complex process in-

volving a series of chemical reactions which result in

the conversion of low molecular weight monomer so-
lutions into highly cross-linked solid macromolecular

structures. This phase transition from a viscous fluid

to a viscoelastic solid can be modelled by a constitu-

tive relation which is based on a temporal evolution
of shear modulus and relaxation time. Some numerical

examples demonstrate the capability of the model to

correctly represent the evolution of elastic and inelas-

tic material properties as well as the volume shrinkage

taking place during the curing process.
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1 Introduction

For many applications in automotive, electronics or aer-

ospace industry, constitutive models are needed that

consider a time- or degree of cure dependence of the me-

chanical properties of adhesives like polyester or epoxy
resins [1]. A typical application relevant for such models

is e.g. the production of carbon or glass fibre-reinforced

epoxy laminates or structures. Other applications in

this context are the agglutination of metal sheets or

electronic components with conducting or isolating ad-
hesives [2].

The uncured polymer usually behaves as a deformable

viscous liquid practically incapable of sustaining any

load other than hydrostatic. With time evolving, the
curing reactions proceed, polymer chains cross-link to

each other and the viscosity of the liquid resin and its

molecular weight increase. Since the cross-linking is an

exothermal reaction, the formation of the polymer net-

work is accompanied by heat generation which results
in a temperature increase causing some initial viscosity

decrease. The molecular growth continues with time un-

til a perceptible gel-like lump forms. This point, where

the resin transforms from liquid to solid, is called the
gel point. It can also be defined as the gel time, i.e.

the period from the start of the reaction to the ap-

pearance of a soft intractable gel where 1%-2% of the

polymer has been crosslinked. Cross-linking leads to a

decrease in specific volume of about 1%-10%, which is
frequently denoted as curing shrinkage [2–4]. In the case

of fibre-reinforced laminate structures or thin metal

sheets, these temperature and shrinkage effects can lead

to significant residual stresses and strains or warping
phenomena. Especially warpage due to process induced

residual stresses has long been recognised as a major

obstacle to a cost effective manufacture of composites.
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1.1 Previous works

In processes that glue electronic components to plates,

shrinkage- and/or temperature-induced stresses can

lead to damage or even to failure of either the adhesive
layer or the whole component [2,5]. Recent research has

demonstrated that a careful selection of processing pa-

rameters dramatically reduces warpage which suggests

that process modelling can be a powerful tool for de-

termining optimal curing conditions [6].
Experimental data describing the change in viscoelas-

tic material properties during cure can be found e.g.

in [7–9]. Usually, the property evolutions are measured

above the gel point only, i.e. for higher degrees of cure,
which is considered to be the range responsible for the

emergence of residual stresses [2]. O’Brien et al. [6], for

example, measured the viscoelastic behaviour also be-

low the gel point, i.e. for curing degrees in the whole

range between 0 and 1.
Only limited references of models for the evolution

of viscoelastic properties during thermoset curing are

available in the literature. Some efforts were focused

on the development of relations between viscoelastic
properties and specific polymer parameters such as

molecular weight, molecular weight distribution or de-

gree of chain branching, e.g. [6]. Approaches to model

the underlying curing processes [3,4,10–13] mainly deal

with the residual stress build-up in polymer compos-
ites during curing and usually consider only linear elas-

ticity or viscoelasticity. Only the recent treatments

of Lion&Höfer [2] and Adolf&Chambers [14] attempt

to develop general purpose continuum approaches ac-
counting for the evolution of properties within curing

polymers.

The course of dynamic mechanical properties during

cure can found in [4,9,15–17]. Fairly comprehensive re-

views of different phenomenological models for the evo-
lution of the degree of cure are given e.g. in [18,19].

Kiasat [3] developed a curing model for small strain de-

formations ignoring thermal effects, which have later

been addressed by the same group [20]. One of the
main assumptions of Kiasat is that the formation of

new cross-links during curing does not affect the cur-

rent stress state caused by previously applied strains,

i.e. new cross-links form unstrained and stress-free.

Another approach for thermoset curing has been de-
veloped in a series of papers by Adolf and co-workers

[21–24] who proposed not only linear constitutive mod-

els but also a model for large strains. Their contin-

uum model, originally devised for viscoelastic glassy
polymers, is extended towards the curing of poly-

mers. Merely a consideration of temperature effects and

volume-shrinkage during cure is not included.

Very recently, Lion&Höfer [2] proposed a phenomeno-

logical thermo-viscoelastic curing model for finite

strains. It accounts for thermally and chemically in-

duced volume changes via a ternary multiplicative split

of the deformation gradient into mechanical, thermal
and chemical parts. Furthermore, a coordinate of reac-

tion is introduced corresponding to the degree of cure.

The model is mainly based on the assumption of evolv-

ing viscosities as in previous works of Haupt and Lion
[25–27]. The resulting constitutive relation is claimed

to be thermodynamically consistent, i.e. it fulfills the

second law of thermodynamics, an issue that most of

the earlier curing models did not touch.

1.2 Concepts and outline

From a rheological point of view the cross-linking pro-
cess can be considered as a continuous increase in stiff-

ness. From a molecular point of view we can assume

that when a step in strain is applied, the chains between

cross-links are deformed which leads to stresses in the
material. Due to the progress in reaction, new cross-

links are generated which will later be conceptualised

by the addition of new chains to the network. These

fit into the already deformed structure and are not

affected by the previous deformation, i.e. new chains
do not contribute to the stress until the deformation

is changed. Concerning the viscous properties, curing

yields increasing relaxation time and viscosity due to

the fact that the newly emerging cross-links hinder
molecular motions and prevent the relocation of net-

work segments which would be responsible for stress

relaxation.

The here proposed phenomenological viscoelastic cur-

ing model entirely reproduces the above mentioned as-
pects of thermoset cure, except for thermally induced

effects which will be treated in a forthcoming work. The

model is restricted to the stress evolution beyond the

gel point since that is the most significant phase for
practical applications.

This paper is organized as follows: Section 2 derives

basic one-dimensional equations from simple rheologi-

cal considerations. The simplified equations accounting

for continuous stiffness gain are then extended to three
dimensions in Section 3. Next, a one-dimensional vis-

coelastic model is developed, followed again by an ex-

tension to three dimensions (Sections 4, 5) and a model

incoporating the phenomenon of curing shrinkage (Sec-
tion 6). Section 7 discusses the cure-dependent material

parameter evolution which is followed by a final section

presenting some numerical examples.
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2 One-dimensional elastic curing model

In rheology, linear elastic materials can be modelled us-

ing networks of linear springs having a stiffness c and

responding with a stress σ = c∆l when sustaining an
elongation ∆l. Using this analogy, the onward cross-

linking within a curing polymer can be conceptualised

as the addition of further springs to the network, cf.

Figure 1. The stress development σ(ti) during contin-
uous addition of elastic chains or springs ci in-between

consecutive load steps ∆li at time ti can be written as

follows:

• one spring c0 at t0 after elongation ∆l0:

σ(t0) = c0∆l0

• add 2nd spring and apply elongation ∆l1:

σ(t1) = c0∆l0 + [c0 + c1]∆l1,

i.e. the first spring responds to both elongations ∆l0 +

∆l1 while the second spring only sustains the new de-
formation ∆l1.

• add 3rd spring and apply elongation ∆l2:

σ(t2) = c0∆l0 + [c0 + c1]∆l1 + [c0 + c1 + c2] ∆l2

...

• n-th spring and n-th loadstep:

σ(tn) =

n
∑

i=0

ci

n
∑

j=i

∆lj . (1)

To obtain a continuous formulation of this discrete

stress-stretch relation, we define the discrete stiffness
updates ci and load increments ∆li to be definite time

integrals of some prescribed continuous stiffness evolu-

tion ċ and strain history ε̇ as

∆l0 =

∫ t0

0

ε̇(τ)dτ , ∆li =

∫ ti

ti−1

ε̇(τ)dτ

c0 =

∫ t0

0

ċ(τ)dτ , ci =

∫ ti

ti−1

ċ(τ)dτ

Now, the continuous limit of equation (1) reads

σ(t) =

∫ t

0

ċ(τ)

∫ t

τ

ε̇(τ̄ )dτ̄dτ. (2)

Note that this relation reproduces the physical observa-

tion that a curing material sustaining no current change
of deformation, i.e. ε̇(t) = 0, does not change its stress

state as resulted from previous deformations - even

though its material properties continue to evolve. Just

c0

c0

c0

c1

c1

c2

∆l0

∆l1

∆l2

Fig. 1 1-D elastic curing model: stiffness gain by adding springs

by the time the deformation state is changed again, the
material properties evolved meanwhile define the new

stress state.

Equation (2) could now be solved numerically for given

parameter evolutions ċ and strain histories ε̇ using suit-

able integration schemes, e.g. the mid-point rule:

σ(t) =

N
∑

i=1

N
∑

j=i

ċ(τi) [τi+1 − τi] ε̇(τ̄j) [τ̄j+1 − τ̄j ] .

This equation ist rather cumbersome to handle numer-

ically and also difficult to extend to three dimensions,

i.e. some simplifications are desirable. From (2) we eas-
ily find

σ(t) =

∫ t

0

ċ(τ)

∫ t

τ

ε̇(τ̄ )dτ̄dτ

=

∫ t

0

ċ(τ) [ε(t) − ε(τ)] dτ

= ε(t)

∫ t

0

ċ(τ)dτ −

∫ t

0

ċ(τ)ε(τ)dτ

= c(t)ε(t) −

∫ t

0

ċ(τ)ε(τ)dτ

= c(t)ε(t) −

∫ t

0

[

˙
c(τ)ε(τ) − c(τ)ε̇(τ)

]

dτ

= c(t)ε(t) −

∫ t

0

˙
c(τ)ε(τ)dτ +

∫ t

0

c(τ)ε̇(τ)dτ

= c(t)ε(t) − c(t)ε(t) +

∫ t

0

c(τ)ε̇(τ)dτ,
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which yields finally

σ(t) =

∫ t

0

c(τ)ε̇(τ)dτ (3)

⇒ σ̇(t) = c(t)ε̇(t), (4)

coinciding with the one-dimensional elastic curing

model of Adolf and Gillen, cf. [14,28]. This reformu-

lation (4) can now easily be solved using implicit inte-

gration schemes like Euler-backward:

σn+1
− σn

∆t
= cn+1 εn+1

− εn

∆t
, (5)

where [•]i = [•](ti) and ∆t = tn+1 − tn. Thus, for a

given stiffness evolution and strain history, the current

stress during cure is updated according to

σn+1 = σn + cn+1
[

εn+1
− εn

]

. (6)

Calculating the derivative of σn+1 with respect to the

current strain εn+1 yields, as expected, the current
tangent operator, i.e. the accumulated stiffness:

∂σn+1

∂εn+1
= cn+1 =

∫ tn+1

0

ċ(τ)dτ. (7)

3 Three-dimensional elastic curing model

The one dimensional curing model discussed in the pre-

vious section is now extended to three dimensions. We

follow a frequently used assumption of isotropic poly-

mer modelling and consider an additive split of the to-

tal stress tensor into volumetric, i.e. shape preserving,
and isochoric, i.e. volume preserving and shape chang-

ing parts reading as

σ = σvol + σiso. (8)

Due to the curing progress both summands are again

time-dependent and can, in analogy to the one-

dimensional case (3), be expressed as integrals of pa-
rameter evolution times strain history

σvol(t) =

∫ t

0

κ(τ) tr(ε̇(τ))I dτ (9)

σiso(t) = 2

∫ t

0

µ(τ) ė(τ) dτ, (10)

where the volumetric part is governed by the bulk mod-

ulus evolution κ(t) and responds only to the trace of

the strain rate tensor tr(ε̇) = ε̇ii, whereas the isochoric
part follows a prescribed evolution of the shear modulus

µ(t) and depends on the rate of the deviatoric strain

tensor e := dev(ε) = ε −
1
3 tr(ε)I. By I we denote

the second-order unit tensor (I)ij = δij , δ being the

Kronecker symbol. As before one obtains

σ̇vol(t) = κ(t) tr (ε̇(t)) I , σ̇iso(t) = 2µ(t) ė(t),

which can numerically be solved using Euler-backward

integration yielding the following updates for volumet-
ric and isochoric stresses:

σ
n+1
vol = σ

n
vol + κn+1

[

tr(εn+1) − tr(εn)
]

I (11)

σ
n+1
iso = σ

n
iso + 2µn+1

[

e
n+1

− e
n
]

. (12)

The current total stress according to (8) reads now:

σ
n+1 = σ

n + κn+1
[

tr(εn+1) − tr(εn)
]

I ...

+ 2µn+1
[

e
n+1

− e
n
]

. (13)

The fourth-order tangent operator, which is crucial for

the finite-element solution of boundary value problems

within iterative Newton-Raphson schemes, is again ob-

tained as the derivative of the current stress with re-

spect to the current strain

C
n+1 =

∂σn+1

∂εn+1
=

∂σ
n+1
vol

∂εn+1
+

∂σ
n+1
iso

∂εn+1

= : C
n+1
vol + C

n+1
iso . (14)

From (11) and (12) we derive

C
n+1
vol = κn+1

I ⊗ I (15)

C
n+1
iso = 2µn+1

[

I
sym

−
1

3
I ⊗ I

]

,

where I
sym = 1

2 [δikδjl + δilδjk] is the symmetric fourth
order identity tensor and (A⊗B)ijkl = AijBkl denotes

the dyadic product of second order tensors.

4 One-dimensional viscoelastic curing model

The elastic curing model introduced in Section 2 will

now be amended by viscous behaviour. To this extent,

the rheological standard model for a viscoelastic solid

consisting of a parallel connection of a Maxwell- and

a Hooke-element is considered [29]. To reproduce both
the stiffness gain and the increase in relaxation time

during curing, the viscosity of the dashpot and the pa-

rameter of the parallel spring are assumed to evolve

with curing time as depicted in Figure 2, where the ar-
rows at spring and dashpot are introduced to indicate

the cure-dependence. The spring in the Maxwell ele-

ment is set to behave time-independent.

The total viscoelastic stress can be divided into equi-

librium and non-equilibrium parts, representing the two
contributions of the Hooke- and the Maxwell-element,

respectively:

σ(t) = σeq(t) + σneq(t). (16)
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σ(t)σ(t) c∞(t)

c η(t)

εv(t)

ε(t)

Fig. 2 1-D viscoelastic curing model

Note that, different to classic viscoelasticity, both con-

tributions depend on time now, not only the non-

equilibrium part. As in the elastic case (4), the equi-
librium stress is calculated as

σ̇eq(t) = c∞(t)ε̇(t), (17)

where c∞(t) denotes the cure-dependent equilibrium
stiffness and Euler-backward integration yields the up-

date equation

σn+1
eq = σn

eq + cn+1
∞

[

εn+1
− εn

]

. (18)

For the dashpot we apply the standard formulation lin-

early relating the stress to the strain rate in terms of

the viscosity. From the kinematics, cf. Figure 2, the

non-equilibrium stress is obtained to be

σneq(t) = c [ε(t) − εv(t)] = η(t)ε̇v(t), (19)

where c and η(t) denote the constant non-equilibrium

stiffness of the second spring and the cure-dependent
viscosity, respectively. Rearranging (19)2 yields the ne-

cessary evolution equation for the strain-like internal

variable εv, i.e. the dashpot deformation:

ε̇v(t) =
1

T (t)
[ε(t) − εv(t)] , (20)

where the relaxation time T (t) := η(t)
c

has been intro-
duced. Again by Euler-backward, the internal variable

can be updated iteratively according to

εn+1
v =

δn+1εn+1 + εn
v

1 + δn+1
(21)

with the abbreviation δn+1 = ∆t
T n+1 combining relax-

ation time and time interval length. Now, inserting (18)

and (19)1 into (16) and exploiting (21) yields the final

stress update equation for one-dimensional viscoelastic

curing:

σn+1 = σn+1
eq + σn+1

neq (22)

= σn
eq + cn+1

∞

[

εn+1
− εn

]

+ c
[

εn+1
− εn+1

v

]

= σn
eq + cn+1

∞

[

εn+1
− εn

]

+ cn+1
⋆

[

εn+1
− εn

v

]

,

with cn+1
⋆ = c

1+δn+1 , i.e. both prescribed temporal evo-

lutions of equilibrium stiffness and relaxation time as

well as the previous value of the internal variable are

required.

The current viscoelastic tangent operator becomes

∂σn+1

∂εn+1
= cn+1

∞
+

c T n+1

T n+1 + ∆t
. (23)

5 Three-dimensional viscoelastic curing model

In analogy to the elastic case, the one-dimensional vis-
coelastic curing model of the previous section is now

extended to three dimensions. The total stress is again

splitted into volumetric and isochoric parts

σ(t) = σvol(t) + σiso(t), (24)

where the former is handled exactly as in the elastic
case (9) and (11):

σvol(t) =

∫ t

0

κ(τ) tr (ε̇(τ)) I dτ

σ
n+1
vol = σ

n
vol + κn+1

[

tr(εn+1) − tr(εn)
]

I. (25)

Furthermore, all viscous effects are assumed to be
purely deviatoric and the isochoric stress can again be

divided into equilibrium and non-equilibrium contribu-

tions:

σiso(t) = σiso,eq(t) + σiso,neq(t). (26)

The isochoric equilibrium part is modelled identical to
the elastic case (10) and (12), i.e.

σiso,eq(t) = 2

∫ t

0

µ∞(τ)ė(τ)dτ

σ
n+1
iso,eq = σ

n
iso,eq + 2µn+1

∞

[

e
n+1

− e
n
]

, (27)

where µ∞(t) denotes the equilibrium shear modulus

evolution and e = devε is again the deviatoric strain

tensor.

The isochoric non-equilibrium stress is formulated in

analogy to the one-dimensional viscoelastic case as

σiso,neq(t) = 2µ [e(t) − ev(t)] = η(t)ėv(t), (28)

including the constant non-equilibrium shear modu-

lus µ and the cure-dependent viscosity evolution η(t).

From this, the evolution equation for the tensor-valued

strain-like internal variable ev follows to be

ėv(t) =
1

T (t)
[e(t) − ev(t)] , (29)

where the relaxation time now reads T (t) = η(t)
2µ

. As

before, Euler-backward scheme yields the discrete up-

date for ev, again with δn+1 = ∆t
T n+1 :

e
n+1
v =

δn+1en+1 + en
v

1 + δn+1
. (30)
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From inserting (27) and (28)1 with (30) in (26) we fi-

nally obtain the discrete update of the isochoric stress

σ
n+1
iso = σ

n+1
iso,eq + σ

n+1
iso,neq

= σ
n
iso,eq + 2µn+1

∞

[

e
n+1

− e
n
]

...

+ 2µn+1
⋆

[

e
n+1

− e
n
v

]

, (31)

where µn+1
⋆ = µ

1+δn+1 has been introduced.

The three-dimensional viscoelastic curing model is con-

cluded by the discrete tangent operator:

C
n+1
vol =

∂σ
n+1
vol

∂εn+1
= κn+1

I ⊗ I (32)

C
n+1
iso =

∂σ
n+1
iso

∂εn+1
= 2

[

µn+1
⋆ + µn+1

∞

]

[

I
sym

−
1

3
I ⊗ I

]

.

6 The modelling of curing shrinkage

An important property of thermosets is the occurence
of a volume reduction during polymerisation [3,30]. The

formation of chemical cross-links between molecules al-

lows them to approach much closer than in the non-

bond situation leading to a more dense packing. Thus,

assuming constant mass, the polymerisation progress
causes a density increase. The volume shrink can take

values up to 10% and, therefore, is responsible for pos-

sibly significant tensile stresses within specimen held at

constant length during cure.
To incorporate this phenomenon into the curing mod-

els developed above, we consider a fictitious rheological

device, cf. Figure 3, that operates inversely to the stan-

dard dashpot from viscoelasticity.

σ(t)σ(t)
c(t)

ε

εe(t) εs(t)

Fig. 3 1-D model of curing shrinkage

While sustaining external load the dashpot deformation

increases, according to evolution equations like (20),
from zero to some positive value which causes stress

relaxation due to the dissipation of strain energy by

the dashpot. Vice versa, the new device shrinks from

initially zero extension ε0
s = 0 to a negative value

ε∞s < ε0
s. This enforces a larger elongation ε∞e > ε0

e of

the attached elastic spring and results in higher stress

values. The work done by the shrinkage device while

elongating the spring could be considered as balanced

with the release of chemical energy by the cross-linking

reactions. From the one-dimensional curing model (4)

the kinematics lead to

σ̇(t) = c(t)ε̇e(t) = c(t) [ε̇(t) − ε̇s(t)] , (33)

i.e. we account for the curing shrinkage and the stress

it induces by superposition of the current strain rate
with a time-dependent negative strain rate. The corre-

sponding stress update of this one-dimensional shrink-

age model reads

σn+1 = σn + cn+1
[

εn+1
− εn

− εn+1
s + εn

s

]

. (34)

To complete the model appropriate constitutive rela-

tions for the shrinkage strain evolution εs(t) are re-

quired. Within the literature [3] expressions like

εs(t) = p1 exp
(

−

(p2

t

)p3
)

+ p4 exp
(

−

(p5

t

)p6
)

(35)

are applied, where the parameters pi have to be derived

from fitting (35) to experimental data. For methods to

measure the volumetric shrinkage during curing we re-
fer to Chapter 3 of Kiasat’s dissertation [3]. Figure 4

displays the shape of the shrinkage strain evolution for

a particular parameter set taken from there.

0 50 100 150 200 250 300
−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

curing time t [min]

ε s [
%

]

Fig. 4 Evolution of shrinkage strain

The extension towards a three-dimensional cure-

dependent shrinkage model is now straightforward. On

a macroscopic scale it is physically reasonable to as-

sume isotropic and purely volumetric shrinkage, i.e. it
is sufficient to extend only the equations for the volu-

metric stress update of both the elastic and viscoelastic

curing model. Thus, equations (11)/(25) accounting for

curing shrinkage read

σ
n+1
vol = σ

n
vol + κn+1

[

tr
(

ε
n+1

)

− εn+1
s

]

I ...

− κn+1 [tr (εn) − εn
s ] I. (36)

Since the shrinkage strain is independent of the current

strain state, both the elastic (15)1 and viscoelastic (32)1
volumetric tangent operators do not change.
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7 Cure-dependent material parameters

This section discusses the general format of the time-

/cure-dependent evolution equations of the governing

material parameters that have been introduced in the

previous modelling sections.

7.1 Cure-dependent shear modulus

The cure-dependence of the shear modulus can easily be

investigated experimentally after the gel point. O’Brien

et al. [6] also proved the cure dependent shear modulus

being measurable over the entire range of cure α = 0...1.

From the literature [7] it is known that, after the gel
point, the shear modulus increases drastically following

an exponential saturation function of decreasing slope

until the fully cured state is reached. Thus, a simple

expression for the shear modulus evolution may be

µ(t) = µ0 + [µ∞ − µ0] [1 − exp (−κµt)] , (37)

where µ0, µ∞ are the shear moduli at the uncured and

fully cured states, respectively, and κµ controls the cur-

vature, i.e. the stiffness gain velocity, cf. Figure 5.

0 20 40 60 80 100
0

1

2

3

4

curing time t [min]

µ(
t)

 [
M

P
a]

Fig. 5 Shear modulus evolution, [µ0, µ∞, κµ] = [0.1, 4, 0.04]

7.2 Cure-dependent relaxation time

The relaxation time depends both on the resin tempera-
ture and the degree of cure. The restriction of molecular

motions due to the cross-linking leads to an increase in

relaxation time, which is similar to the behaviour ob-

servable at a temperature decrease or, in case of dy-
namic loading, to a strain rate step-up. Also, a sin-

gle relaxation time is typically insufficient to correctly

represent the whole viscoelastic spectrum of real poly-

mers [15]. Nonetheless, at first we restrict ourselves to

only one relaxation time evolution and assume again
the format of an exponential saturation function as for

the shear modulus:

T (t) = T0 + [T∞ − T0] [1 − exp (−κτ t)] , (38)

where T0, T∞ are the relaxation times at begin and end

of curing, respectively, and κτ describes the reduction

rate of the viscosity.

7.3 Cure-dependent Poisson’s ratio

According to the experimental observations of Ki-

asat [3], Poisson’s ratio increases with progressive cross-

linking, a behaviour also shown for temperature in-

creases. Especially for elastomeric materials one can as-
sume that the uncured solution is quasi-incompressible

(ν ≈ 0.5) due to its liquid character which is followed by

a slight decrease after the gel point and another increase

to ≈ 0.5 after reaching the rubbery plateau. Since there

are only few experimental results for the evolution of
Poisson’s ratio of thermosets we follow O’Brien’s [6] ap-

proach of a constant ν, an assumption additionally jus-

tified by the lack of rubber-like characteristics of ther-

mosets and the relatively minor influence that changes
in Poisson’s ratio have on the shear modulus.

7.4 Cure-dependent bulk modulus

The bulk modulus, i.e. the volumetric stress evolves

similarly to the isochoric stiffness gain during cure. Due
to the assumption of constant Poisson’s ratio the bulk

modulus evolution can be coupled to the shear modulus

evolution by exploiting

κ =
2µ(1 + ν)

3(1 − ν)
, (39)

which is valid for linear isotropic material. Thus, the

current bulk modulus κ(t) is calculated here from

κ(t) =
2µ(t)(1 + ν)

3(1 − ν)
. (40)

7.5 Degree of cure / degree of polymerisation

Instead of utilising parameter evolutions formulated in

terms of curing time, one could also employ formula-

tions relating the current material parameters to the

so-called degree/extent of cure α, a quantity defined by

α(t) =
H(t)

Hmax

∈ [0, 1], (41)

where H(t) denotes the amount of heat released by

the cross-linking reactions until time t and Hmax is
the total polymerisation heat. This approach would

have the advantage that physical and chemical quan-

tities like temperature or activation energies as well as
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their temporal evolutions are directly connected to cur-

rent constitutive parameters. For this case, the time-

dependence of material properties would be included

implicitly via α, e.g. by µ = µ(α(t)) for the shear

modulus. For the sake of simplicity we will here con-
centrate on directly time-dependent parameter sets.

Several phenomenological models for calculating the de-

gree of cure α have been proposed in the literature, see

e.g. [2,15,18,19,31]. A frequently used kinetic model for
isothermal curing of epoxy resins, the so-called autocat-

alytic or Kamal’s model, reads

dα

dt
= [k1 + k2α

m][1 − α]n, (42)

where ki = Ai exp(−Ei/RT ) are temperature depen-

dent reaction rates following an Arrhenius relationship,

Ai, Ei denote frequency factors and activation energies,

T, R are curing temperature and universal gas constant
and m, n represent the reaction orders, respectively.

Figure 6 displays the curing kinetics according to (42)

for different temperatures based on data taken from

Karkanas et al. [19].
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Fig. 6 Curing progress vs. temperature, Kamal model

8 Numerical examples

A number of numerical examples is presented within
this section to demonstrate that the proposed mod-

els are appropriate to correctly reproduce the mechan-

ical behaviour of thermosets during cure. The stiffness

gain as well as the strain rate dependence of the stress

response are shown to be realised by both the elas-
tic and viscoelastic models. All simulations have been

computed using an in-house finite element tool that

has been extended by the constitutive equations and

tangent operators given in Sections 3 and 5. The one-
dimensional examples reflect the behaviour of a sin-

gle eight-noded hex-element for some prescribed uniax-

ial strain histories and parameter evolutions. Further-

more, two three-dimensional simulations are presented

to give a non-homogeneous example and to demon-

strate the consequences of the volume shrinkage phe-

nomenon. As mentioned in the previous section, the

current bulk modulus has always been calculated from
the shear modulus evolution by assuming a constant

Poisson number ν = 0.35.

8.1 Basic structures under load during cure

First, one-dimensional elastic and viscoelastic examples

are considered, i.e. equations (13) as well as (11) to-
gether with (31) are the protagonists. In the elastic case,

both a strain history and the temporal evolution of the

shear modulus µ(t) have to be prescribed. For the lat-

ter an exponential saturation function as in equation
(37) with (µ0, µ∞, κµ) = (0.01 MPa, 0.5 MPa, 0.25 s−1)

has been used. Figure 7 also displays the applied three-

phase loading that consists of a linear increase of 0.5%

within the first five seconds followed by fourty seconds

holding and another linear increase for five seconds.

Fig. 7 3-phase strain history and temporal stiffness evolution

Fig. 8 Elastic stress response vs. time (left) and strain (right)

The resulting stress evolutions vs. time and strain are

shown in Figure 8. The physical observation that the

cure induced stiffness increase has no impact on the
stress response of a constant deformation state is cor-

rectly reproduced - as is reflected by both the constant

line in the left plot and, implicitly, by the kink at 0.5%
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in the right hand side curve. Furthermore, the initially

fast growing stiffness leads to nonlinearly increasing

steps in stress during the first five seconds, whereas the

behaviour is almost linear with high stiffness at the end

since the saturation value has been reached meanwhile.

The same strain history is now applied to the vis-
coelastic model. While the volumetric stress coincides

with that of the previous case, the isochoric part now

consists of the equilibrium shear modulus evolution

µ∞(t) and the non-equilibrium part µ⋆(t) , the for-
mer being determined by the same parameters as in

the elastic shear modulus evolution above. The non-

equilibrium part is governed by the constant non-

equilibrium shear modulus µ := 0.5 MPa and the re-

laxation time evolution (38) for which (T0, T∞, κτ ) =
(0.025 s, 1 s, 0.25 s−1) have been choosen as parameters.

Fig. 9 Viscoelastic stress response vs. time and strain

Figure 9 displays the resulting stress response vs. time
and strain for the viscoelastic case. Both the increase

in stiffness and the stress relaxation are correctly re-

produced. Note that the stress relaxes exactly to the

constant value of the second loading phase of the elastic

case. This behaviour is as expected because the initial
relaxation times are small enough to eliminate the addi-

tional contribution of the non-equilibrium part. The su-

perimposed relaxation process is also responsible for the

straightened stress-strain curve within the first loading
phase (compare right hand sides of Figures 8 and 9), i.e.

the inelastic material is less burdened due to the con-

current relaxation whereas the elastic material sustains

growing stress increments due to the quickly increasing

stiffness. The slightly concave shape of the final loading
phase is of the same origin.

Another important aspect of curing is its influence on

the viscous material properties. According to the lit-

erature [15,16] and as structurally motivated in Sec-

tions 1.2 and 7.2, the relaxation time increases with the
proceeding curing process. To visualise this effect and

the stiffness gain simultaneously, the strain programme

used before is now extended as depicted in Figure 10.

After two seconds of linear elongation to a strain of 2%,

a holding phase lasting six seconds and another elonga-

tion follow. The simulation closes with a second holding

phase and a final linear increase in strain.

Fig. 10 5-phase strain history and relaxation time evolution

Figure 11 compares the responses to this extended

strain history for two viscoelastic materials with

constant and evolving relaxation time, respectively.
Thereby, the stiffness evolutions have been choosen as

before, the constant relaxation time is set to be T = 1 s

and the relaxation time evolution, also plotted in Fig-

ure 10, is again governed by the parameters introduced
above.

Fig. 11 Viscoelastic model: constant vs. evolving relaxation time

As expected and physically reasonable, we observe for
the material with evolving T (solid line) both a decel-

eration of the relaxation process from the first to the

second holding phase and a smaller stress amplitude

after two seconds due to the concurrent relaxation pro-
cess. Since T has almost reached its saturation value -

coinciding with the prescribed constant relaxation time

- after 10 s (cf. Figure 10), both materials behave vir-

tually equal up from this point.

Finally, a three-dimensional plate with a hole in its

center is considered to present an example with in-

homogeneous stress distribution under load. Its di-



10

Fig. 12 Inhomogeneous 3d-example: curing plate with a centered hole, (a): initial configuration, bearing and loading, (b): deformation
and stress (tensile) after five loadsteps Fx = 0.155N , (c): stress-free but deformed (due to stiffness gain) after five reverse loadsteps
Fx = −0.155N , (d): nearly undeformed but compressive stresses after another five loadsteps Fx = −0.155N ; load-deformation curve

mensions are 60 × 12 × 2 mm3 and the hole has a
diameter of 6 mm. The plate is discretised by 544

eight-noded hexagonal elements and mounted as de-

picted in Figure 12(a). Force increments of 0.155 Ns−1

are applied at the upper edge nodes to achieve
elongation in x-direction. While loaded, the speci-

men undergoes elastic curing, whereby (µ0, µ∞, κµ) =

(0.001 MPa, 3.35 MPa, 0.25 s−1) have been chosen. Fig-

ures 12(b-d) show deformation and Cauchy stress in

x-direction after different numbers of loadsteps. The
first five loadsteps yield tensile stresses and a significant

deformation (b). After another five loadsteps equal in

magnitude but reverse in direction, the plate is stress-

free but, due to the interim stiffness increase, still de-
formed (c). Further loadsteps into the same direction

are necessary to achieve a nearly undeformed deforma-

tion, which then sustains compressive stresses (d).

8.2 Curing shrinkage

To demonstrate the shrinkage induced stress build-

up during cure, a three-dimensional block (one hun-
dred 8-noded elements) with fixed bearing at both

ends is considered, cf. Figure 13. The elastic model

from Section 3, equation (13), again with shear mod-

ulus evolution equation (37) and (µ0, µ∞, κµ) =

(0.001 MPa, 4.0 MPa, 0.025 s−1), is applied. Thereby,
the calculation of volumetric stresses is extended by a

shrinkage strain as in equation (36) to account for the

volume decrease caused by the polymerisation. As be-

fore, we assume constant Poisson number ν = 0.35
and calculate the bulk modulus evolution from the

shear modulus (40). For the evolution of the shrinkage

strain εs(t), equation (35) together with parameters

taken from [3], p. 77, namely (p1, p2, p3, p4, p5, p6) =
(−1.129, 37.36 min, 1.261,−2.402, 25.74min, 4.611), has

been used. Figure 13 plots deformation and Cauchy

stresses σxx, σyy after t = 270 minutes of curing, indi-

cating that significant loads can arise from the volume
shrink occuring during thermoset cure.

Fig. 13 Stress build-up due to curing shrinkage, Cauchy stresses
in x- and y-direction after 270 seconds curing

9 Conclusion and outlook

This contribution proposes one- and three-dimensional

elastic and viscoelastic material models to simulate the

curing of thermoset structures undergoing small strain

deformations. Based on some elementary rheological

considerations the governing constitutive equations and
tangent operators are derived. The numerical realisa-

tion of the models within the finite element framework

allows to simulate arbitrary structures during cure. The

examples presented have proven that the developed
models are suitable to correctly reproduce all the rel-

evant phenomena observable in curing of thermosets.

Nonetheless, some restrictions like the assumption of
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constant temperature and the purely phenomenologi-

cal character of the presented approach should and will

be subject to further investigations. Especially the ex-

tension towards the large strain framework is going to

be dealt with in a forthcoming paper.
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