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Abstract A phenomenologically inspired, elastic finite
strain framework to simulate the curing of polymers has
been developed and discussed in the first part (Hossain et al.
in Comput Mech 44(5):621–630, 2009) of this work. The
present contribution provides an extension of the previous
simulation concept towards the consideration of viscoelastic
effects and the phenomenon of curing shrinkage. The pro-
posed approach is particularly independent of the type of the
free energy density, i.e. any phenomenologically or microme-
chanically based viscoelastic polymer model can be utilised.
For both cases the same representatives that have been used
for the elastic curing models, i.e. the Neo-Hookean model and
the 21-chain microsphere model, are reviewed and extended
accordingly. The governing equations are derived as well
as the corresponding tangent operators necessary for the
numerical implementation within the finite element method.
Furthermore, we investigate two different approaches—a
shrinkage strain function and a multiplicative decomposi-
tion of the deformation gradient–to capture the phenome-
non of curing shrinkage, i.e. the volume reduction induced
by the polymerisation reaction which may lead to signifi-
cant residual stresses and strains in the fully cured material.
Some representative numerical examples conclude this work
and prove the capability of our approach to correctly cap-
ture inelastic behaviour and shrinkage effects in polymers
undergoing curing processes.
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1 Introduction and outline

The increasing application of reactive polymer systems
like epoxy- or PU-adhesives in automotive, electronics or
aerospace industry necessitates the development of simu-
lation concepts and constitutive models that consider the
time-dependence exhibited by relevant mechanical proper-
ties like the elastic stiffness, viscosity or relaxation time.
Uncured polymer solutions usually behave as deformable
viscous liquids mainly incapable of sustaining any load other
than hydrostatic. During the curing process, polymer chains
emerge from the constituents of the solution, possibly cross-
link to each other and stiffness, viscosity and molecular
weight increase. To especially account for the temporal evo-
lution of inelastic material properties is not only necessary
until the material has passed its gel point, but also due to the
fact that almost every cured polymer possesses rate depen-
dent creep and relaxation effects. Both are highly dependent
on the particular structure and observable as rather fast pro-
cesses with relaxation times in the order of seconds, e.g. for
elastomers, as well as very slow ones taking several days like
in epoxies.

Concerning previous contributions on modelling and
simulation of curing phenomena in polymers we refer to
the literature cited in the prequels [1] and [2] of this work.
Real-world applications of the simulation concept proposed
subsequently would be reliant on experimental data for the
evolution of material parameters during the curing process,
e.g. on time-dependent values for stiffness, viscosity and/or
relaxation time. The number of publications concerning this
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matter is unfortunately still rather limited, some references
have been given in [2].

The foundation of all viscoelastic curing models proposed
in the following is provided by the hypoelastic constitutive
equation

Ṡ(t) = C(t) : Ė(t) = 1

2
C(t) : Ċ(t), (1)

relating the material time derivative of the second Piola–
Kirchhoff stress tensor S to that of the Green–Lagrange strain
E = 1

2 [C − I], itself depending on the right Cauchy–Green
strain tensor C = Ft · F, via a time-dependent fourth-order
stiffness operator C(t). The particular format of this equation
has been phenomenologically motivated in [2], its appropri-
ateness to reproduce the behaviour of elastically curing mate-
rials was demonstrated in [1]. The stiffness operator C(t)
required in (1) is computed according to

C(t) = 4
∂2�(t)

∂C2 (2)

from an arbitrary free energy density �, which in turn has
to be chosen adequately with respect to the material under
consideration. Note that both � and the corresponding stiff-
ness C are not only implicitly time dependent via the loading
history C , but also explicitly due to the temporal evolution
experienced by the governing material parameters during the
curing process.

Constitutive ansatz (1) ensures by design that the stress
state changes if and only if the strain state C is modified—
although especially the stiffness of the material is increasing
permanently in consequence of the polymer network forma-
tion. As for any other constitutive assumption, the question
for thermodynamical consistency arises in view of Eq. (1).
This issue was addressed in detail within [1], where we have
demonstrated that an accumulated energy density �, implic-
itly dependent on �(t) via the stiffness C(t) and defined by
the convolution integral

�(t) = 1

2

t∫

0

[
C

′(s) : [E(t) − E(s)]] : [E(t) − E(s)]ds,

(3)

provides, according to the standard Coleman–Noll argumen-
tation on the isothermal dissipation inequality

S : Ė − �̇ ≥ 0, (4)

the particular format of Eq. (1). Within definition (3), C′(s) =
dC(s)/ds denotes the total differential of the current stiffness
operator (2) with respect to time s. For a complete discus-
sion, especially the computation of �̇, the interested reader
is referred to [1].
Remark The notation used for energy density functions has
been modified compared to our previous contribution: tra-

ditional potentials—here equipped with temporally evolv-
ing parameters—are subsequently denoted by � while the
true accumulated free energy density of a curing material is
described by �.

For the usually iterative solution of boundary value prob-
lems it is convenient to operate with a discrete update formula
for constitutive equation (1), e.g. with

Sn+1 = Sn + 1

2
C

n+1 : [Cn+1 − Cn] (5)

as resulting from implicit Euler backward integration.
Numerical schemes like the Newton–Raphson method then
additionally require a consistent linearisation of (5), the
so-called tangent operator relating increments in strain to
those in stress. For the present case one obtains

E
n+1 = 2

∂ Sn+1

∂Cn+1 = C
n+1 + [Cn+1 − Cn] : An+1, (6)

whereas the sixth-order tensor An+1 = ∂C
n+1/∂Cn+1 des-

cribes changes of the cure dependent stiffness operator with
respect to the current strain.

By utilising the above equations a phenomenological
(Neo-Hooke) as well as a micromechanical (21-chain) vis-
coelasticity model will be extended towards the simulation
of curing materials. Both approaches share an important
assumption that is frequently used in modelling finite vis-
coelasticity, namely the additive decomposition of the free
energy density into (elastic) equilibrium and (viscous) non-
equilibrium parts:

� = �eq + �neq. (7)

The main difference between phenomenological and micro-
mechanical viscoelasticity is twofold: While the latter utilises
different formats for the two parts of the free energy density
that are both dependent on the same list of strain-like quanti-
ties, the former usually assumes the same functional relation
for �eq and �neq, but in terms of different variables which
is motivated by kinematical considerations, mostly a mul-
tiplicative decomposition of the deformation gradient. The
essential idea used here to extend standard viscoelasticity
towards curing materials simply adapts energy decomposi-
tion (7) by setting

� = �eq + �neq, (8)

wherein the first part �eq is chosen according to defini-
tion (3), i.e. in terms of some standard equilibrium free
energy �eq(t) with evolving parameters and providing the
current stiffness Ceq(t). To minimise complexity, �neq is
simply identified with the corresponding non-equilibrium
free energy density �neq. This ansatz requires the concession
that all stiffness-like parameters contained in �neq are time-
independent, i.e. only inelasticity parameters like the viscos-
ity are chosen to evolve during curing in order to capture
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the deceleration of relaxation processes. That this particular
simplification does not imply an unphysical restriction
becomes obvious in view of its consequences on the behav-
iour of the standard three-element model for viscoelastic sol-
ids (a Maxwell element in parallel to a spring). Fixing the
stiffness of the spring, which is connected in series to the
dashpot and, therefore, constitutes a parameter of �neq, is
not qualitatively modifying the overall stress response. While
time proceeds, the dashpot opening completely relaxes the
deformation of this spring, i.e. its contribution to the stress
vanishes and only the spring in parallel to the Maxwell ele-
ment is defining the material response by its time-dependent
parameters. Thus it is sufficient to choose appropriate tempo-
ral evolutions for the parameters contained in �eq to capture
curing induced stiffness changes.

Energy decomposition (8) induces a corresponding
decomposition of the stress response and, accordingly, of
the tangent operator:

S = Seq + Sneq, E = Eeq + Eneq. (9)

Decomposition (9)1 can in turn be motivated by the just dis-
cussed classical rheological models, in particular the three-
element standard solid containing a Maxwell element. In
view of the above assumptions on �eq and �neq, equilibrium
stress Seq and tangent operator Eeq are updated according to
Eqs. (5) and (6), respectively, whereas their non-equilibrium
counterparts are determined from �neq as in standard vis-
coelasticity. All further details required for an implementa-
tion in finite element codes will be derived in the subsequent
Sects. 2 and 3 for both the viscoelastic Neo-Hooke and the
21-chain model.

One of the most important effects in polymer curing, i.e.
the reduction of specific volume, the so-called curing shrink-
age, and its influence on the material behaviour will then be
discussed in Sect. 4. To this end, both the application of a
pre-defined strain-like shrinkage function as well as a mul-
tiplicative decomposition of the deformation gradient are
investigated. The final Sect. 5 presents some numerical exam-
ples demonstrating that the models proposed here are well
suited to reproduce all phenomena considered relevant in
isothermal polymer curing.

2 Phenomenological example: viscoelastic Neo-Hooke
curing model

Following the above-mentioned practice in phenomenologi-
cal viscoelasticity the same functional relation—in this case
the compressible Neo-Hooke model—is chosen as the basis
for both parts of energy decomposition (8). To set �eq and
�neq to be dependent on different arguments originates from
the widely accepted kinematical assumption that a superpo-
sition of reversible and irreversible processes can be captured

by multiplicatively decomposing the deformation gradient:

F = Fe · Fv. (10)

Here, Fe is denoting elastic deformations while Fv can be
understood as an internal variable defining the current state
of a local stress-free intermediate configuration representing
a relaxation mechanism like e.g. in a standard Maxwell ele-
ment. Materials exhibiting multiple relaxation mechanisms
can be modelled analogously by extending (10) to a sum of
the form F = Fi

e · Fi
v , cf. e.g. Lubliner [3] or Reese and

Govindjee [4]. The decomposition of F provides two strain
measures, i.e. the elastic and the viscous right Cauchy-Green
tensor Ce and Cv , respectively:

Ce = Ft
e · Fe = F−t

v · C · F−1
v , Cv = Ft

v · Fv, (11)

the latter describing inelastic strains in the dashpot of the
Maxwell element. The two parts of free energy density (8)
are assumed to depend on these strain measures according to

� = �eq(C) + �neq

(
Ce = F−t

v · C · F−1
v

)
. (12)

The corresponding constitutive equations can be derived
from the entropy inequality which, in case of the here
assumed isothermal processes, reduces to the dissipation or
Clausius–Duhem inequality

S : Ċ − 2 �̇ ≥ 0, (13)

where ˙(•) again denotes the material time derivative. By cal-
culating �̇ from (12) in consideration of Eq. (10) this can in
turn be particularised to
[

S − 2
∂�eq

∂C
− 2F−1

v · ∂�neq

∂Ce
· F−t

v

]
: 1

2
Ċ

−∂�neq

∂Ce
: ∂Ce

∂ Fv

: Ḟv ≥ 0, (14)

cf. e.g. [5] for a detailed derivation. From this, the standard
argumentation due to Coleman and Gurtin [6] yields the con-
ditional equations for the equilibrium and non-equilibrium
stress in Eq. (9)1 as

S = 2
∂�eq

∂C
+ 2F−1

v · ∂�neq

∂Ce
· F−t

v = : Seq + Sneq. (15)

The two parts of the stress response are now specified accord-
ing to the aformentioned assumptions on the free energy den-
sity of curing materials, cf. Sect. 1. For the equilibrium part
Seq we insert the elastic Neo-Hookean curing model from
[1], i.e. the accumulated equilibrium energy density �eq(t)
is given by Eq. (3), for which the current stiffness operator
Ceq(t) has to be computed via (2) from

�eq(C, J, t) = κ(t)

2
ln2 J − μ(t) ln J + μ(t)

2
[I1 − 3].

(16)
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This standard compressible Neo-Hookean energy density
(16) is governed by the cure dependent elastic Lamé
parameters κ(t) and μ(t), the first invariant of the right
Cauchy–Green tensor I1 = C : I and J = detF. In view
of the consistency discussion sketched above, this particu-
lar choice of �eq = �eq(�eq) results in relation (1) for the
equilibrium stress, the discrete update version of which reads

Sn+1
eq = Sn

eq + 1

2
C

n+1
eq :

[
Cn+1 − Cn

]
. (17)

The particular forms of the current stiffness included as well
as the additionally required tangent operator have previously
[1] been derived as

C
n+1
eq = κn+1

A − 2
[
μn+1 − κn+1 ln J

]
B (18)

E
n+1
eq = C

n+1
eq +

[
Cn+1 − Cn

]
: An+1 with (19)

An+1 = κn+1
[
B + 2 ln JC + B ⊗ C−1

]
− 2μn+1C, (20)

cf. Eqs. (16, 17), and (20, 21) in [1] for the component-wise
representations of the auxiliary quantities

A = C−1 ⊗ C−1, B = ∂A/∂C (21)

B = ∂C−1/∂C, C = ∂B/∂C. (22)

Concerning the second part Sneq of constitutive equation
(15), i.e. the inelastic stress response, we identify �neq =
�neq and, once more, substitute the compressible Neo-
Hookean ansatz (16) which, according to (12), is now depen-
dent on the elastic right Cauchy–Green strain tensor:

�neq = �neq
(
Ce = F−t

v · C · F−1
v , Je

)
= κe

2
ln2 Je − μe ln Je + μe

2
[I1e − 3]. (23)

Therein, I1e = Ce : I , Je = √
detCe and the two additional

Lamé parameters κe and μe are chosen to be cure indepen-
dent, i.e. constant, as has been motivated in Sect. 1. The
desired non-equilibrium stress follows again by evaluation
of (15) from which one obtains

Sneq = 2F−1
v · ∂�neq

∂Ce
· F−t

v

= F−1
v ·

[
κe ln JeC−1

e + μe

[
I − C−1

e

]]
· F−t

v

= κe ln Je C−1 + μe

[
C−1

v − C−1
]

(24)

after recalling ∂ I1e/∂Ce = I , ∂ Je/∂Ce = 1
2 JeC−1

e and
exploiting Eq. (11). Note that the cure dependency of the
inelastic material properties has not been considered yet but
is implicitly present in the strain-like internal variable Cv ,
whose current value needs to be determined now. To this

end, exploiting the second part

− ∂�neq

∂Ce
: ∂Ce

∂ Fv

: Ḟv ≥ 0 (25)

of dissipation inequality (14) provides, after some rigor-
ous mathematical manipulations the details of which can be
found e.g. in [4], a non-linear evolution equation for Cv . By
assuming only small deviations from thermodynamical equi-
librium, this equation can in turn be linearised, cf. e.g. [7], to
obtain a rather simple ordinary differential equation which
is frequently used in finite linear viscoelasticity [3,8–11]:

Ċv = T −1 [C − Cv]. (26)

It is important to note that the assumptions and simplifica-
tions leading to (26) imply some rather strong restrictions
(strain rate close to zero, only small creep/relaxation) of the
model in comparison to real viscoelastic material behaviour.
Since this contribution mainly addresses curing phenomena,
for which this most simple version of viscoelasticity is suf-
ficiently instructive, further discussions on this subject are
omitted here and we refer to the pertinent literature on finite
viscoelasticity concerning more sophisticated and physically
reasonable nonlinear evolution equations for internal vari-
ables.

One particular feature of (26), especially in view of com-
putational costs, is its linearity since it obviates the appli-
cation of iterative schemes for updating the internal variable
Cv , a procedure that is required at every Gauss point and time
step. Furthermore, (26) is structurally identical to the stan-
dard evolution equation known from small strain linear visco-
elasticity, compare also [2]. The additional material constant
T arising in (26) denotes the relaxation time, a parameter that
is time-dependent in case of curing materials:

Ċv = T (t)−1 [C − Cv]. (27)

Application of implicit Euler-backward integration then pro-
vides the rather simple discrete update equation for the inter-
nal variable Cv:

Cn+1
v = �t

T n+1 + �t︸ ︷︷ ︸
=: ωn+1

Cn+1 + T n+1

T n+1 + �t
Cn

v, (28)

whereas T n+1 denotes the current relaxation time and �t =
tn+1 − tn is the current time step length. Inserting this into
(24) concludes, together with (17) and (18), the constitutive
relations for the viscoelastic Neo-Hookean curing model.

To obtain the remaining non-equilibrium part Eneq of
tangent operator (9)2, the derivative of the non-equilibrium
stress (24)3 with respect to the strain has to be computed.
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From the chain rule and some tensor calculus we find

Eneq = 2
∂ Sneq

∂C

= 2κe ln Je
∂C−1

∂C
+ 2κeC−1 ⊗ ∂ ln Je

∂C

+ 2μe

[
∂C−1

v

∂Cv

: ∂Cv

∂C
− ∂C−1

∂C

]
. (29)

Therein, abbreviation B as given in Eq. (22)1 may be used
and ∂Cv/∂C = ωI

sym holds with I
sym = 1

2 [δikδ jl + δilδ jk]
since only the first term in Eq. (28) is dependent on the cur-
rent strain. Furthermore, we define D := ∂C−1

v /∂Cv , the
component-wise representation of which is given by

(D)i jkl = −1

2

[
(C−1

v )ik(C−1
v ) jl + (C−1

v )il(C−1
v ) jk

]
. (30)

The multiplicative decomposition of the deformation gradi-
ent implies J = Je Jv , i.e. ln Je = ln J − ln Jv . Using this,
the derivative ∂ ln Je/∂C in (29) can, due to the chain rule
and ∂ J(v)/∂C(v) = 1

2 C−1
(v), be simplified to

∂ ln Je

∂C
= 1

J

∂ J

∂C
− 1

Jv

∂ Jv

∂C
= 1

2
C−1 − ω

2
C−1

v . (31)

Insertion of (31) into (29) finally yields the current non-
equilibrium tangent operator

E
n+1
neq = κe

[
2 ln Je B + C−1 ⊗

[
C−1 − ωn+1C−1

v

]]

+ 2μe

[
ωn+1

D − B

]
, (32)

which concludes, together with Eqs. (22), (28), (30) and (19),
the derivation of the tangent operator for the viscoelastic Neo-
Hooke curing model. Note that double contractions with I

sym

can be omitted since all strain measures are symmetric by
definition.

3 Micromechanical example: viscoelastic 21-chain
curing model

Similar to our previous contribution [1] on elastic curing
models, we will in the following resort to the 21-chain
micro-macro unit sphere model developed by Miehe and
co-workers, now in its viscoelastic version published in [12].
Thereby, all parts of the model that describe chain interac-
tions, which is done by considering the contraction of the
cross section of a tube confining the polymer chain, are
neglected for the sake of simplicity. Furthermore, we assume
affine relationships between micro-kinematical quantities
and their continuum counterparts for both the elastic and
viscolastic networks, not only for the latter. The extension
necessary to capture viscous curing behaviour is, once more,

based on the time dependence of the viscous material param-
eters, e.g. the relaxation times.

The 21-chain viscoelastic curing model utilises the same
assumptions on the decomposition of free energy density,
stress response and tangent operator that are reflected by
Eqs. (8) and (9). The equilibrium part �eq is defined accord-
ing to (3) by inserting the current stiffness operator resulting
from the compressible 21-chain energy density as given in
[1], Eq. (26):

�eq =
21∑

i=1

μNwi

[
γiλ

r
i + ln

γi

sinh γi

]
+ κ

2
ln2 J − μ ln J.

(33)

This function represents a homogenisation of the behaviour
of 21 Langevin chains that are oriented uniformly within
a unit sphere and each consist of a cure dependent number
N = N (t) of Kuhn segments [13]. While the two latter terms
describe the volumetric behaviour in terms of the usual, time
dependent Lamé parameters, the sum is combining the chain
contributions in terms of their orientation dependent relative
stretches λr

i = √
N−1C : [t i ⊗ t i ] and a Padé approximation

of the inverse Langevin function:

γi := L−1(λr
i ) ≈ λr

i [3 − (λr
i )

2][1 − (λr
i )

2]−1. (34)

The weights wi and direction vectors t i are given in the
appendix of [1]. The corresponding current equilibrium stress
Sn+1

eq is computed according to Eq. (17) whereas the current
stiffness operator

C
n+1
eq =

21∑
i=1

wi
4μn+1 N n+1

[
N n+1 − λ2

i

]2 [t i ⊗ t i ⊗ t i ⊗ t i ]

+ κn+1
A − 2

[
μn+1 − κn+1 ln J

]
B (35)

has to be inserted, cf. also Eq. (27) in [1]. The current equilib-
rium tangent operator E

n+1
eq again follows relation (19) and

additionally requires

An+1 =
21∑

i=1

wi
8μn+1 N n+1

[
N n+1 − λ2

i

]3 [t i ⊗ t i ⊗ t i ⊗ t i ⊗ t i ⊗ t i ]

+κn+1
[
B + 2 ln JC + B ⊗ C−1

]
− 2μn+1C

(36)

with the chain stretch λi = √
Nλr

i and abbreviations
A, B,B,C as used in the previous section. Concerning the
temporal evolution of the relevant material parameters and
especially their interdependencies the interested reader is
referred to Sect. 5 in [1].

The non-equilibrium part realises inelastic behaviour by
superimposing a network of viscoelastic chains that are con-
nected via entanglements to the elastic network, which itself
has been the basis for Eq. (33). These chains are not only
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deformed with the elastic network but additionally able to
relax their stretch state by untangling their loose ends, which
in turn increases the number of active Kuhn segments, cf.
[12,14] for a schematic visualisation. This dynamic process
is modelled phenomenologically by extending the elastic free
energy density ϕi of a single chain oriented along t i (compare
Eq. (24) in [1]) with

ϕv
i = μv

2
[ln λi − εi ]

2 , i = 1, . . . , 21, (37)

as proposed by Miehe and Göktepe [12]. The tube constraint
part has again been neglected and μv , εi denote a cure inde-
pendent, phenomenological material parameter and a strain-
like internal variable governing the non-equilibrium stress of
the chain, respectively. Relation (37) can easily be extended
towards multiple relaxation mechanisms if reformulated as
a sum, similar to the addition of further Maxwell elements
in the phenomenological case. We omit this possibility for
simplicity and restrict all following considerations to only
one relaxation mechanism.

The corresponding continuum non-equilibrium free
energy �neq, which defines �neq = �neq as before, is now
obtained from the same procedure of homogenising chain
contributions over the unit sphere that already led to (33),
i.e.

�neq = 〈
ϕv

i

〉 = 1

2

21∑
i=1

wiμv [ln λi − εi ]
2 , (38)

where the εi successively relax the initial elastic chain
stretches λi = √

C : [t i ⊗ t i ]. Energetically conjugated
micro forces driving the evolution of the strain-like εi can,
according to Miehe and Göktepe [12], be defined by

βi := −∂ϕv
i

∂εi
= μv [ln λi − εi ] . (39)

By assuming appropriate functions to describe the dissipa-
tion at the chain level and after some calculations the details
of which can be found in [12] or [15], the constraint of non-
negative micro dissipation provides the following non-linear
evolution equation for βi :

β̇i + βi

T
|βi |δ−1 − μv

λi
λ̇i = 0 with βi (t = 0) = 0. (40)

Therein, δ > 0 denotes a constant material parameter while
| • | is the absolute value relieved of units. To describe curing
materials, the relaxation time T in (40) is again set to be cure
dependent, i.e. T = T (t), and assumed to evolve accord-
ing to an exponential saturation function as proposed for our
small-strain curing model, cf. Eq. (38) in [2]:

T (t) = T0 + [T∞ − T0]
[
1 − exp(−κτ t)

]
. (41)

Here, T0, T∞ are initial and final relaxation time, respec-
tively, and κτ describes the reduction rate of the viscosity
during curing, i.e. the decrease of the untangling velocity

Table 1 Update procedure for the non-equilibrium micro-forces βi

(i) Given from previous time step tn are stretch and strain for all
chain orientations t i , i.e.

{(
λn

i , βn
i

) | i = 1, . . . , 21
}
.

(ii) Compute current chain stretches λn+1
i =

√
Cn+1 : [t i ⊗ t i ] with

current deformation gradient: Cn+1 = Ft (tn+1) · F(tn+1).
(iii) Determine βn+1

i by applying Newton’s method to the Euler back-
ward solution of Eq. (40), i.e. the non-linear equation

βn+1
i

[
1 + �t

T n+1

∣∣∣βn+1
i

∣∣∣δ−1
]

− βn
i + μv

[
λn

i

λn+1
i

− 1

]
= :

ri (β
n+1
i )

!= 0 is solved by iteratively updating βn+1
i according

to

kβn+1
i = k−1βn+1

i − ri (
k−1βn+1

i )

r ′
i (

k−1βn+1
i )

, k = 1, . . . ,0 βn+1
i := βn

i ,

until ri (
kβn+1

i ) < tol and where

r ′
i (

kβn+1
i ) =

[
1 + �t

T n+1

∣∣∣kβn+1
i

∣∣∣δ−1
]

+ �t

T n+1 [δ − 1]
∣∣∣ kβn+1

i

∣∣∣δ−3 [
βn+1

i

]2
.

(iv) Compute the current chain tangent moduli ci := dβi /dλi from

cn+1
i = μv[

λn+1
i

]2
r ′

i (β
n+1
i )

− βn+1
i

λn+1
i

.

(v) Insert the current βn+1
i , cn+1

i into the stress tensor and tangent
operator, i.e. Eqs. (42) and (43), respectively.

of the chains. Evolution equation (40) has to be solved iter-
atively at every Gauss point for every time step and chain
orientation t i , e.g. by Newton’s method, for which a detailed
recipe is given in Table 1. Regarding memory requirements
it is worth noting that all chain forces βi and stretches λi

from the previous load step have to be stored. The current
non-equilibrium stress tensor then reads

Sn+1
neq = 2

∂�neq

∂C
=

21∑
i=1

wi
βn+1

i

λi
[t i ⊗ t i ] (42)

and the current non-equilibrium tangent operator follows
accordingly as twice the derivative of the stress with respect
to the strain, i.e.

E
n+1
neq =

21∑
i=1

wi

[
cn+1

i

λ2
i

− βn+1
i

λ3
i

]
[t i ⊗ t i ⊗ t i ⊗ t i ] ,

(43)

cf. again to [12,15] for detailed derivations. For the sake of
clarity, only terms containing cure dependent quantities are
indicated by superscript n + 1 in both equations.

4 Modelling curing shrinkage

One of the prominent phenomena in polymer curing is the
shrinkage effect, i.e. the reduction of the specific volume
due to chain growth and/or cross linking. In case of spec-
imen held within fixed boundaries during curing, this can
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Fig. 1 Evolution of shrinkage function (44) in case of [p1, p2,

p3, p4, p5, p6] = [−1.129, 37.36 min, 1.261, −2.402, −25.74 min,
4.611]

lead to significant residual stresses and/or strains, where the
former may even surpass the plastic yield strength. The rel-
evance of this effect is dependent on the time of gelation,
before which the material can hardly develop any stresses, as
well as on the inelastic characteristics afterwards which may
allow relaxation of the shrinkage stresses. Especially in case
of epoxies with high relaxation times but essentially elasto-
plastic behaviour, the influences of the curing shrinkage may
even impede certain applications like structural bonding in
automotive frame and body construction due to unacceptable
sheet deformation.

Two phenomenological approaches to incorporate the
shrinkage effect into constitutive models have been proposed
in the literature so far: (1) the superposition of an exponen-
tially decaying shrinkage strain function, which has been
introduced by Kiasat [16], and (2) a multiplicative decom-
position of the deformation gradient, advocated by Lion and
Höfer [17]. In the following subsections, both ansatzes will
be incorporated to the above proposed methods for curing
simulations.

4.1 Shrinkage strain function

This rather basic, nonetheless successful approach to con-
sider volume shrinkage utilises a prescribed, cure/time
dependent volumetric strain function which is simply
superimposed to the current deformation state during the
simulation. Kiasat [16], for example, proposed the following,
exponentially decaying scalar function

Cs(t) = p1 exp
(
−

[ p2

t

]p3
)

+ p4 exp
(
−

[ p5

t

]p6
)

,

(44)

which is governed by six parameters pi that have to be deter-
mined experimentally. A specification of this function, which
is also used in the forthcoming examples, is plotted in Fig. 1.

The incorporation of this in the form of a volumetric strain
to the above proposed curing models is realised by modify-

ing update equation (17) for the current equilibrium stress
according to

Sn+1
eq = Sn

eq + 1

2
C

n+1
eq : [[Cn+1 − Cn+1

s I]
− [Cn − Cn

s I]], (45)

i.e. a correction of both the previous and current strain state
is introduced. Since Cs is independent of C , the linearisa-
tion of (45) with respect to the right Cauchy–Green strain
provides the correspondingly modified current equilibrium
tangent operator:

E
n+1
eq = C

n+1
eq + [[Cn+1 − Cn+1

s I]
− [Cn − Cn

s I]] : An+1. (46)

To clarify the procedure, the incorporation of volume shrink-
age has been restrained to the equilibrium material response.
A consideration of shrinkage within the non-equilibrium part
is straight-forward and will be illustrated by an example in
Sect. 5 to demonstrate the relaxation of shrinkage stresses in
viscoelastic materials.

It is worth noting that the phenomenological consider-
ation of curing shrinkage as done in Eq. (45) has not yet
been proven to be thermodynamically consistent. The super-
position of a volumetric strain increases the amount of energy
stored in the specimen—although there is no external work
applied in a mechanical sense. The gain in strain energy due
to shrinkage is, in fact, here assumed to be balanced with the
release of chemical energy during chain and network forma-
tion, similar to temperature increases in case of exothermal
reactions. Both thermal and chemical energy parts are not
considered here but will be incorporated and discussed in a
future contribution.

4.2 Multiplicative decomposition

The application of a multiplicative decomposition of the
deformation gradient within the context of curing and shrink-
age has first been advocated by Lion and Höfer [17]. We will
here omit the originally included thermal part and restrict
ourselves to decomposing the deformation gradient into two
parts, i.e. a stress producing mechanical part and a volume
reducing shrinkage part:

F = Fm · Fs with Fs := [1 + αs]1/3 I . (47)

Therein, α ∈ [0, 1] denotes the degree of cure, cf. [2], and
s ≤ 0 is a time dependent parameter controlling the mag-
nitude of the shrinkage. Note that this ansatz can be (and is
frequently) used to model e.g. growth phenomena in biome-
chanics [18]. Similar to phenomenological viscoelasticity,
the following decomposition of the right Cauchy-Green ten-
sor is implied by (47):

C = Ft · F = Ft
s · Ft

m · Fm · Fs = : Ft
s · Cm · Fs (48)
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which provides the conditional equation for the mechanical
right Cauchy–Green strain as

Cm = Ft
m · Fm = F−t

s · C · F−1
s = [1 + αs]−2/3C. (49)

From the ususal thermodynamical argumentation that has
already been used in the case of phenomenological viscoelas-
ticity, the corresponding Piola–Kirchhoff stress is obtained
to read

S = F−1
s · 2

∂�m

∂Cm
· F−t

s = [1 + αs]−2/3 Sm, (50)

with the cure dependent mechanical free energy density
�m . Thus, the total stress resulting from mechanical load
and superimposed curing shrinkage is equal to the purely
mechanical stress Sm , as computed e.g. from Eq. (15) with
(17) and (24), pre-multiplied by F−2

s . More generally, this
can be understood as a pull-back operation from the stress-
free intermediate configuration to the reference configura-
tion. The corresponding chemical potential providing the
strain energy which is required by the shrink as well as the
thermodynamical consistency have been discussed in [17].

The necessary tangent operator is again obtained from
linearising the stress with respect to the strain for which the
chain rule yields

E = 2
∂ S
∂C

= 2
∂ S
∂Cm

: ∂Cm

∂C

= 2
∂

([1 + αs]−2/3 Sm
)

∂Cm
: ∂

(
F−t

s · C · F−1
s

)
∂C

= [1 + αs]−4/3
Em, (51)

with Em = 2∂ Sm/∂Cm denoting the mechanical tangent
operator that has to be calculated e.g. from Eq. (19) or (32).

5 Numerical examples

Several numerical examples are presented in this section to
demonstrate that the proposed models are suitable to repro-
duce the mechanical behaviour of viscoelastic polymers
during isothermal curing, which is, in particular, charac-
terised by a stiffness gain, decelerating relaxation effects
and a volumetric shrinkage. All simulations have been
performed using a research-based in-house finite element
code that has been extended by the constitutive relations and
tangent operators summarised in the previous sections. First,
some one-dimensional examples reflect the behaviour of a
single eight-noded brick element under prescribed uniaxial
stretch histories and parameter evolutions. Next, several
three-dimensional simulations are presented to demonstrate
both inhomogeneous deformation behaviour and the effects
induced by the curing shrinkage.

Due to the lack of sufficient experimental data on the tem-
poral evolution of material parameters we resort to arbitrary

Fig. 2 Three phase load history λ(t) and exemplary evolution of the
shear modulus μ(t) with [μ0, μ∞, κμ] = [0.0001 MPa, 2.5 MPa,
0.0925 s−1]

but reasonable choices. Concerning the equilibrium shear
modulus μ the previously used [1] exponential saturation
function, whose format is also assumed for the relaxation
time, cf. Eq. (41), is applied:

μ(t) = μ0 + [μ∞ − μ0]
[
1 − exp(−κμt)

]
. (52)

It is governed by the initial and final shear modulus μ0 and
μ∞, respectively, as well as the curvature parameter κμ. A
specification of (52) is plotted in Fig. 2. For the sake of sim-
plicity, the elastic bulk modulus is calculated via κ(t) =
2
3μ(t)[1 + ν][1 − ν]−1 from the prescribed shear modulus
evolution, whereas a constant Poisson’s ratio of ν = 0.35
has been assumed. For the 21-chain model, an initial number
N0 of chain segments is prescribed and the resulting tempo-
ral evolution N (t) follows from that of the shear modulus,
cf. the discussion on conservation of mass in [1]. The
non-equilibrium parameters κe, μe, μv are kept at constant
values, only the relaxation time evolves according to (41).

5.1 Homogeneous one-dimensional examples

First, simple uniaxial tension tests are simulated using a
single finite element to check whether the proposed curing
models will correctly reproduce the gain in stiffness, the
behaviour in case of the strain rate being zero and the
deceleration of relaxation processes during the advancement
of curing. Concerning the first two properties we consider a
three phase deformation history that consists of (1) a linear
increase to a (macroscopic) stretch λ = 1.05 within the first
5 s, followed by (2) a 40 s holding phase and (3) another
linear increase to λ = 1.1 during the last 5 s, cf. Fig. 2. This
load history is applied to both the compressible Neo-Hooke
and 21-chain viscoelastic curing model, whereas only the
elastic parameters are evolving but the relaxation time is
kept fixed for the moment. Fig. 3 depicts the resulting stress
responses versus time and stretch, the parameters used
are given in the caption. Both models obviously behave

123



Comput Mech (2010) 46:363–375 371

Fig. 3 Response of a curing viscoelastic material with constant relax-
ation time under the stretch history of Fig. 2. Piola stress versus
time (left) and stretch (right), each for the Neo-Hooke model (top)
with [μ0, μ∞, κμ, κe, μe, T,�t] = [0.001 MPa, 0.5 MPa, 0.0925 s−1,

10.5 MPa, 0.75 MPa, 3 s, 1 s] and the 21-chain model (bottom) with
[μ0, μ∞, κμ, N0, μv, T, δ,�t] = [0.001 MPa, 0.5 MPa, 0.0925 s−1,
5 × 104, 5.5 MPa, 1.2 s, 1.5, 1 s]

viscoelastic, as is indicated by the decrease in stress during
the holding phase. The ongoing increase in stiffness has no
impact on the stress in case of a constant deformation state,
which is reflected by the horizontal lines in the left-hand
figures after the relaxation has reached its equilibrium.
Within the right-hand side figures, the stiffness gain is
clearly observable by comparing the slopes of the curves
before and after the holding phase at λ = 1.05. The different
magnitudes of the stress increase during the two loading
phases (left-hand side figures) do also reflect this.

To demonstrate the effects that arise if also the viscoelastic
properties are evolving, the above stretch history is modified
to three linear loading phases of 2 s duration which are inter-
leaved with two holding phases each lasting for 20 s. The
responses are plotted in Fig. 4 and clearly indicate the desired
deceleration of viscous relaxation processes for both models
since the equilibrium stresses are reached much later within
the second holding phases. Furthermore, slower relaxation
time evolutions are also correctly captured as can be observed
from the higher stress peaks at the end of each loading phase.

5.2 Inhomogeneous three-dimensional example

Concerning viscoelastic curing behaviour in three dimen-
sions we consider a plate with a hole in its center to realise

inhomogeneous stress distributions under load. Its dimen-
sions are 60 × 12 × 2 mm3 and the hole has a diameter of
6 mm. The plate is discretised by 544 eight-noded hexago-
nal elements and supported as depicted in Fig. 5 (most left).
A uniaxial extension in x-direction is applied within 22 s,
which is followed by 168 s of relaxation. These two steps
are repeated a second time to check the evolution of elastic
and viscous material properties. Fig. 5 (left) depicts both the
deformation and the resulting Cauchy stresses in x-direction,
the latter obviously are decreasing during the holding phases.
The right-hand side compares the behaviour of two nodes
which are chosen such that their stress levels after the first
and second loading phase are equal. The curves clearly indi-
cate the desired deceleration of relaxation processes (curves
between the dashed lines) as well as the gain in stiffness (dif-
ferent magnitudes of stress growth during the loading phases)
and the constant stress in cases where the strain rate becomes
zero (after the relaxation has reached equilibrium).

5.3 Curing shrinkage simulations

5.3.1 Shrinkage strain function

Concerning the shrinkage induced stress build-up during
cure, a three-dimensional block of 20×7×3 mm3,discretised
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Fig. 4 Curing viscoelastic material subjected to a five phase stretch
history. Piola stress versus time for two different final relaxation
times T∞. Left Neo-Hooke with [μ0, μ∞, κμ, κe, μe, T0, T∞, κτ ,

�t] = [0.001 MPa, 0.5 MPa, 0.0925 s−1, 10.5 MPa, 0.75 MPa, 0.015 s,

1 vs. 3 s, 0.0925 s−1, 1 s]. Right 21-chain with [μ0, μ∞, κμ, N0,

μv, T0, T∞, κτ , δ,�t] = [0.001 MPa, 0.5 MPa, 0.0925 s−1, 5 × 104,
5.5 MPa, 0.015 s, 1 vs. 3 s, 0.0925 s−1, 1.5, 1 s]

Fig. 5 Three-dimensional boundary value problem: plate with cen-
tered hole, subjected to a four phase stretch history (pull, hold, pull,
hold) and modelled by the viscoelastic 21-chain curing model with
[μ0, μ∞, κμ, N0, μv, T0, T∞, κτ , δ,�t] = [0.0001 MPa, 2.0 MPa,
0.0115 s−1, 2 × 106, 10.5 MPa, 0.015 s, 4.2 s, 0.0115 s−1, 1.5, 1 s].
Left Cauchy stress and deformation at relevant time steps. Right Com-
parison of stress versus time for two nodes having the same stress level

at the beginning of the first and second relaxation phase, respectively.
The deceleration of relaxation processes is clearly visible from the fact
that node 2© relaxes much slower to a higher equilibrium stress after
t = 212 s than node 1© does between t = 22...190 s. The gain in
stiffness is again reflected by the much higher stress increase during the
second loading phase

by one hundred eight-noded brick elements, is considered.
Its front and back side are kept fixed while all longitudi-
nal sides are free to deform. The curing shrinkage is mod-
elled by the shrinkage strain function approach described in
Sect. 4.1, which is here applied to the elastic Neo-Hooke cur-
ing model. Figure 6 depicts deformation and Cauchy-stresses
after 270 min of curing under the assumption of Kiasat’s [16]
volume shrinkage function as given in Fig. 1. Both the result-
ing deformations and stresses do obviously attain magnitudes
that should be considered carefully in design and dimension-
ing of structures.

5.3.2 Multiplicative decomposition

To illustrate shrinkage simulations relying on the multipli-
cative decomposition of the deformation gradient we adapt
a setup for a thin three-dimensional plate that has been
used by Retka and Höfer [19]. The plate has an extension
of 40 × 10 × 0.5 mm3 and is discretised by 800 linear
brick elements. Three different bearing conditions are
assumed, cf. Fig. 7, as well as a final volume reduction of
ten percent, i.e. s = −0.1 in Eq. (47)2. The degree of cure
α is simply assumed to evolve according to an exponential
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Fig. 6 Block without external
load but fixed transverse ends.
Deformation (scaled by two)
and Cauchy stresses due to
shrinkage after 270 min of
curing. Elastic Neo-Hooke
curing model with
[μ0, μ∞, κμ] = [0.0001 MPa,
1.5 MPa, 0.02 s−1], extended by
the shrinkage strain function
approach of Sect. 4.1

Fig. 7 Curing shrinkage of a
thin three-dimensional plate
subjected to three different
bearing conditions, deformation
(scaled by two) and Cauchy
stress in x-direction after 20 s of
curing. Elastic 21-chain curing
model, extended by the
multiplicative decomposition
approach of Sect. 4.2. Model
parameters: [μ0, μ∞, κμ, N0] =
[0.0001 MPa, 1.5 MPa,
0.25 s−1, 2 × 106]

saturation function like (52), which has already been
used for shear modulus and relaxation time, whereas now
[α0, α∞, κα] = [0.0001, 1.0, 0.25 s−1]. More sophisticated
approaches for the evolution of α, as mentioned e.g. in [2], are
not considered here for the sake of simplicity but are, none-
theless, straightforwardly to incorporate. Note that the initial
degree of cure—as well as the initial shear modulus—has to
have a small positive value for numerical reasons. Figure 7
depicts the bearing specific deformations as well as the
Cauchy stresses in x-direction after 20 s of curing, simulated
with the elastic 21-chain curing model together with the
shrinkage model equations of Sect. 4.2.

5.3.3 Curing shrinkage and viscoelasticity

The shrinkage phenomenon is of particular interest for visco-
elastic materials that are able to decrease the arising stresses
via relaxation already during curing—which would be the
case for a majority of polymer materials. To demonstrate
the behaviour for the case of these reverse processes being
simultaneously active we resort to the block example from

Sect. 5.3.1 and compare elastic and viscoelastic simulations.
By applying the viscoelastic 21-chain curing model with
multiplicative decomposition shrinkage, ‘elastic’ behaviour
is mimicked by choosing a constant and, in view of the
curing process duration, infinite relaxation time while real
‘viscoelastic’ behaviour allowing for significant relaxation
already during curing is realised with parameters similar to
those from Fig. 5. The decrease of shrinkage induced resid-
ual stresses can be of remarkable magnitude, as is indicated
by both the contour plots and the dispersing stress curves in
Fig. 8.

6 Conclusion and outlook

Extending the previous part of this contribution, phenom-
enological and micro-mechanically based material mod-
els for the finite strain simulation of viscoelastic polymers
that undergo curing processes and volume shrinkage have
been proposed. The governing constitutive equations and the
tangent operators are derived and the numerical realisation
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Fig. 8 Stress development in a block held at fixed length dur-
ing curing, simulated with the viscoelastic 21-chain curing model
together with the multiplicative decomposition approach for the vol-
ume shrinkage. Deformation (scaled by two) and Cauchy stress in
x-direction after 20 s of curing for, (left) the ‘elastic’ case with
long (T = 1500 s) and constant relaxation time and, (middle) the

viscoelastic case with short and evolving relaxation time ([T0, T∞,

κτ ] = [0.015 s, 4.2 s, 0.25 s−1]) time. Remaining model parame-
ters: [μ0, μ∞, κμ, N0, μv, δ,�t] = [0.0001 MPa, 2.0 MPa, 0.25 s−1,
2 × 106, 10.5 MPa, 1.5, 1 s]. Comparison of stress over time for the top
left node (right)

within the finite element framework is sketched. The numer-
ical examples demonstrate that the developed models are
suitable to correctly reproduce the relevant phenomena. Fur-
ther extensions considering effects like exothermal reactions,
thermoelastic coupling and elastoplastic material behaviour
will be subject of forthcoming research.

It is worth noting that the presented simulation results are
somewhat academic so far since both the underlying material
parameters as well as their evolutions were chosen arbitrarily
and are not related to a specific material. The deformation
ranges considered here are, furthermore, too small to reveal
the quantitative and qualitative differences between simple
phenomenological polymer models and the more sophisti-
cated micromechanical chain models. Merely the computa-
tional costs as well as the application or a specific material
under consideration may be useful to decide in favour of
a particular approach. The most important issue in curing
simulations is still posed by the experimental determination
of the necessary evolutions experienced by the mechanical
material parameters.
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